X WWLET WAVELETS AND APPLICATIONS.
Nov 2021
MSFT15G5

Multiscale approximations and applications

J. LIANDRAT
Aix Marseille Univ., CNRS, I12M, UMR 7373, Centrale
Marseille, Marseille, France
Collaboration Z. KUI (Centrale Marseille/I12M),
J. BACCOU (IRSN, Cadarache, France), E. GARCIA
(Centrale Marseille /I2M)



MULTISCALE APPROXIMATIONS AND APPLICATIONS

S ee B s 68

SKETCH OF THE LECTURE

. Subdivision schemes, decimation schemes and associated

multi-resolutions

Construction of decimation schemes associated to a given

subdivision scheme

Construction of the details operators

Properties of multi-resolutions and applications to compression
Application: Convergence of derivatives

About divided differences

Key properties



8. Smoothing
Convergence result

Numerical tests and application

9. Conclusions



1) SUBDIVISIONS, DECIMATIONS AND ASSOCIATED MULTI-RESOLUTIONS

Subdivision:h : fO +— {fO, f1,..., f1,..}, 7 = (f)rez € 1®°((Z)
. (Z) — 1=(Z) . .
with A , , , h being local and r-shift

=t = f=hh
invariant (0"hf = h0f for (0f)x = frr1

Decimation: h: fi — {fi=1 fi=2 1},

1°(Z) — 1°°(2)
e I =h()
(Ohf = hO" f for (from now r = 2)

with £ h being local and r-shift invariant

e Linear subdivision: f]i e Z ax_o1 f1, References: N. Dyn (1992), A.S
Cavaretta et al.(1991)

e Linear decimation: fP = > a;_oxfi.



1) SUBDIVISIONS, DECIMATIONS AND ASSOCIATED MULTI-RESOLUTIONS

fit eIt = (I — hh) fi+1

- g
h h N
g
fi= iijJrl dl = gelt!
M: {f°,d° d, .., d7} — fIF1L.
(I —gg)(I —hh) = 0,
Consistency: I — hh = 0,



1) SUBDIVISIONS, DECIMATIONS AND ASSOCIATED MULTI-RESOLUTION
WELLKNOWN SITUATIONS

Interpolatory subdivision scheme = & is the subsampling

operator fj = g,j ! details are differences at odd positions

Linear decimation and subdivision schemes are constructed together
(Wavelet multiscale analysis): consistency = e/T1 € Kerh and ¢ is a

projection on Kerh or any isomorph space.

What about other situations?



1) SUBDIVISIONS, DECIMATIONS AND ASSOCIATED MULTI-RESOLUTION
OTHER SITUATIONS

e Incorporate data information into multiscale transform: data
fitted schemes, position dependent schemes, data dependent

schemes

e Incorporate nonlinear constraint into the multiscale transform

(Vj, f7 € M)



2) CONSTRUCTION OF DECIMATION SCHEMES ASSOCIATED TO

A GIVEN SUBDIVISION SCHEME: UNIFORM LINEAR SUBDIVISION
Proposition. (Linear scheme) References: Kui et al. (2016)

Let h be a linear subdivision of mask {hn—2a,hn—2a+1s---An,nt1}
[ by hns o hnooe 0 ... 0]
hn+1 hn—1 -+ hn—2a+1 0 0
0 hey  hno . Boe - 0
H=1| 0 hni1 hna 0o hn—2a+1 0
0 0 e R R o A T
| 0 0 . I R 1 oo PBn—gati]

If det(H) # 0, there exists at most 2a consistent elementary decimation
operators whose masks are of length not larger than 2a. These masks are

given by each row of H™".



2) CONSTRUCTION OF DECIMATION SCHEMES ASSOCIATED TO

A GIVEN SUBDIVISION SCHEME: (GENERAL LINEAR SUBDIVISION
Proposition. (Generation of all consistent decimations)

Let {Bi}lgigza be the set of elementary consistent decimation
operators.

For any decimation operator h constructed from (ilk:)keZ and any
integer t, we define Ty(h) the decimation operator related to the

sequence (Bk_t)kez.
Then, all the consistent dectmation operators can be constructed as
DY TR,
teT i€T
with
VieT C Z, Zci’t = 640, and 0 €T .

1€L



2) CONSTRUCTION OF DECIMATION SCHEMES ASSOCIATED TO

A GIVEN LINEAR SUBDIVISION SCHEME
EXAMPLE OF SHIFTED LAGRANGE SUBDIVISION

Definition (degree 3) References: Dyn et al. (2004)

Py(z) = L_1(x) fe—1 + Lo(2) fi + L1(2) fo+1 + L2(@) frore-

where {L,(x)}_1<n<2 denotes the degree 3 Lagrange interpolatory
function associated to the stencil {—1,0, 1, 2}.

(hefaw = Puly
(hefawt1 = Piu(3).
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DECIMATIONS ASSOCIATED TO THE SHIFTED LAGRANGE SUBDIVISION

Mask of the Shifted lagrange subdivision

5 7 35 105 105 35 7 _5}
1287 1287 128712871287 128" 128 128

Matrix of the correspondant consistent elementary decimations

My, = {hg, -4 < k <3} = {—

H =
( s \ [ 24367 63605 31115 10325 4165 2975 |
0 1152 1152 576 576 1152 1152
P 2975 4165 1771 _ 565 245 175
2 1152 1152 576 576 1152 1152
s 175 245 875 _ 245 133 95
4 _ | 112 1152 576 576 1152 1152
3 95 133 245 875 245 175
6 1152 1152 576 576 1152 1152
3 175 245 565 1771 4165 2975
8 1152 1152 576 576 1152 1152
3 2975 4165 10325 31115  _ 63605 24367
10 | 1152 1152 576 576 1152 1152
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2) CONSTRUCTION OF DECIMATION SCHEMES ASSOCIATED TO

A GIVEN SUBDIVISION SCHEME:
NON LINEAR SUBDIVISION SCHEME WRITTEN AS A PERTURBATION OF A LINEAR SCHEME

I =hfi =hpfI +hyfl
Applying hy we get a fixed point relation:
f7=ho 7 = hphn f7.

Proposition.
If hy, is such that hphy is contractive then the above formula defines
a non lhinear decimation operator consistent with h.
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2) CONSTRUCTION OF DECIMATION SCHEMES ASSOCIATED TO
A GIVEN NON LINEAR SUBDIVISION SCHEME:
Example of the Shifted PPH subdivision scheme

Let

Az,y) = 3%, H(z,y) = 2% (sgn(zy) + 1), Dk = fre1 — 2k + fr-1,
Define N, as:

if [Dg| < |[Dg+1l, Ne(@) = 2La(x) (H (D, Di+1) — A(Dg, Dit1))
if | Di| > |Dy1l, Ni(x) = 2L_1(2) (H(Dg, Di+1) — A(Dr, Dit1)) ,
and

(hn f)2k = Ni(3),

(hnflars1 = Ni(3),

then hf = hr f + hy f defines the shifted PPH subdivision scheme
References: Amat et al. (2011)
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Example of the Shifted PPH subdivision scheme

Moreover, for ((hy)g, —4 < k < 3) = %fm o+ %st —

(525 183 85 1505 1505 _ 85 _ 183 95
23047~ 2304° ~ 256’ 2304’ 2304’ 256’ 2304’ 2304

is contractive and a consistent decimation h is therefore available.

), the operator hphy
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3) CONSTRUCTION OF THE DETAILS OPERATORS

Definition of the details

Since e/t = (I — hh) i1 we have hpe?t! = 0. Therefore there

exists square matrices M, N formed using M,- such that

j+1 _ Jj+1
Me —Neodd.

even

If N invertible one can define dfc = egzl, and we have

. o
et =di, &t =N"'Md.

even
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4) PROPERTIES OF MULTIRESOLUTIONS AND NUMERICAL APPLICATIONS

Convergence and stability of subdivisions (hy and h), References:
Dyn et al. (2004) , Amat et al. (2011)

Decay of the errors References: Daubechies (1992) ,

Stability of the decimations ((iL L iz),

Performance for image compression.
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4) PROPERTIES OF MULTIRESOLUTIONS AND NUMERICAL APPLICATIONS
DECAY OF THE ERRORS

Proposition. (Linear multiresolution) Let h be a linear uniform
stable subdivision operator and h be a linear stable and consistent

decimation operator. If h quasi reproduces polynomials up to degree
p, there exist a constant C such that for all j € Z, ||| < C2~(P+1)3,
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4) PROPERTIES OF MULTIRESOLUTIONS AND NUMERICAL APPLICATIONS
DECAY OF THE PREDICTION ERROR

Proposition. (Non linear multiresolution)

Let h be a non-linear subdivision scheme with h = h* + h™N where h*
18 a linear subdivision quasi-reproducing polynomial of degree p. If,
for all f7 € 1°(Z), there exists a constant C independent on j such
that ||RN fi|| < C2790+YD if h is a stable consistent decimation
operator, then the decay rate of the associated prediction error is at
least min(p + 1, q).
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DECAY OF THE PREDICTION ERROR

shifted PPH
————— shifted Lagrange
interpolatory Lagrange

-35 .~

12 11 10 9 8 7

Figure 1: log of the prediction error versus scale from 12 to 7, slope for 4-
point interpolatory Lagrange, 4-point shifted Lagrange and 4-point shifted
PPH scheme are 4.00717, 5.0379 and 4.21979
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4) PROPERTIES OF MULTIRESOLUTIONS; STABILITY OF THE DECIMATIONS

Proposition. (Linear decimation) The decimation operator hy, is
stable if and only if there exists i € N*, such that the subdivision h
constructed from sequence (2h%);,1 € Z is stable.

We are then back to a convergence problem for a uniform subdivision.
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4) PROPERTIES OF MULTIRESOLUTIONS; STABILITY OF THE DECIMATIONS

Let h = hy + hy and h 1, be a consistent linear decimation such that
ﬁLhN is contractive. Then,

Proposition. (Non linear decimation)

If there exists a constant 1 < 1 such that for all p € N*, h} hy is pP
Lipschitz then the non linear decimation defined trough the fized point
equation 7 = hy fitY — hphy f9 is stable.
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4) NUMERICAL APPLICATIONS: PERFORMANCE FOR IMAGE COMPRESSION

g interpolatory pph

48 B interpolatory lagrange
N e shifted lagrange

S shifted pph

compression ratio

Figure 2: PSNR versus compression ratio for interpolatory Lagrange,
shifted Lagrange, interpolatory PPH and shifted PPH multiresolu-

tions.
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Figure 3: PSNR versus compression ratio for the 4-point shifted PPH
subdivision scheme with three different consistent decimation opera-

tors
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PARTIAL CONCLUSIONS

. General tool for the construction of decimations consistent with

linear subdivision,

. Construction of decimations consistent with non linear

subdivision schemes constructed by perturbation,
. Definition of the details,
. Properties of the multiresolution,

. Applications to the Shifted lagrange/PPH schemes.
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5) APPLICATION: CONVERGENCE OF DERIVATIVES

Wellbore monitoring
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1) MOTIVATION. CONVERGENCE OF DERIVATIVES

-
e
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1) MOTIVATION- CONVERGENCE OF DERIVATIVES

——Smooth function derivative
—— Derivative of polygon at level 0

First derivative estimates

_/ Derivative of polygon at level 1
—— Derivative of polygon at level 2
[ —— Derivative of polygon at level 3
— =Smoothed polygon derivative
= —
|" = —_— { |
N
| | | | | | 1 |
5 10 15 20 25 30 35 40 5

Curve length
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1) CONVERGENCE OF DERIVATIVES

e [.ocal scale

e Smoothing

27
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2) BASICS PROPERTIES OF SUBDIVISIONS SCHEMES AND MULTIRESOLUTION

e Convergence of the subdivision (h), Ref: Dyn et al. (2004)

V£ 3f = h°f° € OV such that ,lirf Hfg — f(mi;)‘loo = 0.
J—T00

e Limit function of the subdivision scheme: If ® = h°(§°) with
6) = 00 then h*>° f0 =>", f2®(x — k). The regularity of ®
defines the regularity of the scheme.

e Stability of the subdivision (h). The operators h and h™! are

continuous:

h:{f°d0d\, .. di1} + fitl.
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3) BASICS ON DIVIDED DIFFERENCES

o Ay : X7 A X7 with(A1X7), = 2/(X],, — X])
o A, =A7
o If f € C®(R) and f] = f(k277) then, for some ¢ € {1,2}:

(A f)e = f™(k277) 4+ 0(27Y).
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4) KEY PROPERTIES
Converging subdivision scheme and finite differences

e Theorem(Ref: Dyn (1992) ) A subdivision scheme admits a C™
limit function if and only if there exists a converging subdivision
scheme for the divided differences A,,

o If X7t s IX0 €0 el ..;el} then
Ap X9 o LA X ALl Aet, o Ape?}
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4) KEY PROPERTIES FOR A MULTIRESOLUTION OF ORDER p
Decay of the details, e-smoothing and local level

e Theorem(Ref: Kui et al. (2021) ) If f € C, f/ = f(k277) and if
h is a multiresolution of order p then there exists C; such that:

Vi < J—1||d| < G277,
e X is said to be an e-smoothing of X7 if Vj < J —1,d}, € {d},0}
and HXJ —XJHOO S €
e The p-local level of X7 at position k2~ 7is defined as:
o (X7 k277
:= min{j < J such that [Vj' > 4, such that (j', k') € Cs(kQ*']),Jii_l = O]}
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5) Lp76 SMOOTHING DEFINITION: DETAIL TRONCATION
1) Initialization: d7 := dJ for all levels j € {J — jo,...,J —1};

2) For all levels j from highest (J — 1) to lowest (J — jo):

e For all }Ji’ sorted in decreasing order (then starting from highest value):
(a) Set ci{c = 0;
(b) Multiresolution reconstruction: X7 is constructed from the

decomposition given by
X/go g0 g S io BN g

Y

~ ~!
x If HXJ — XJH < €, then proceed with the next d‘;,;
O

~ . !
x If not, set back di = ic, then proceed with the next d{c,;
3) Stopping condition:

(a) If step 2) results in no modification of the sequences dJ for all levels
jed{J—j0,...,J — 1}, then stop;
(b) Otherwise, repeat steps 2) and 3);

Jp.e, the p, e-local level of X is defined as the p local level of Ly (X )

33



5) L,. SMOOTHING PROPERTIES

€/2
f - 0007 fJ — (f(kQ_J))k€Z7 HfJ _XJHoo < H;C(chd,

e jp(f7,k277) = —Cloga(€)/(p + 1) decay of the details,

o [|Anf? — Ap(Ly(f7)|| < Ce'~7¥1details of the multiresolution
decomposition of A, X7,

e Proposition There exists a polygon g7, constructed from a
smoothing of X7, such that HXJ — gJHoo <e ||f7— gJHOO < €,

and whose local levels are at most the local levels of Lp g2 7
"I CrCy

for all £ € Z.Stability of the multiresolution
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5) L, SMOOTHING. FINAL RESULT
Theorem. (Ref: Garcia et al. (2021) )

Let € >0, K C IR be a compact, f € C*(IR) and
7= (f(k2_‘]))k€z be the polygon describing f at level J. Let also

X7 = (X}) be a polygon such that ||f‘]—XJHOO<e.

keZ
Using a multiresolution analysis of order p and reqularity m < p,

then, for all integer n such that n < m:

| £ = An (LpeX7)| < Cr27704 Gyt~ (0)
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5) NUMERICAL TEST

Subdivision scheme: 8-points shifted Lagrange subdivision
scheme (p =8, m = 4)

Associated ( non interpolatory) multiresolution
Expected slope coefficient: 1 — ¢
J >6

C'PUtime ~ 2s on a personal computer
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5) NUMERICAL

101[] _

10°

100

1077

10—10

101() _

177 = Lo X o

e POP. 60 €

AL = ALy XD

s IO, to el’/ﬁ

+||A2f‘/ - Az(Lp.fX:J)”og.K

s PrOP. t0 617”% 10°
[A9f7 = Ag(Ly XD
prop. to o

_|_||A4f‘l - A.I(LIMX;,)”xJ\'

s PTOP. £O o

00, K

100+

1079+

x-[AFT = AXT Lk

—||Af — Al(prXil)”xJ\‘

el - A

A = ALy XD ke

| —-10
100 1075 10710 N

37

100

10Llo



5) APPLICATION

Ref: Garcia et al. (2019)

Length of Drillstring introduced in the well (m)
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5) APPLICATION

Length of Drillstring introduced in the well (m)
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Length of Drillstring introduced in the well (m)
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5) CONCLUSIONS

. Regular multiresolutions are usefull
Adaption to finite length interval

Adaption to non regular sampling

. Extension to multi dimension (convergence of the normal of a

sequence of surfaces)

. Multiresolution framework for manifold values
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